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CRITERION FOR RAYS LANDING TOGETHER 


JINSONG ZENG 


Abstract. Let / be a polynomial with degree > 2 and the Julia set J/ locally connected. 
We give a partition of complex plane C and show that, if z, z' in Jf have the same itinerary 
respect to the partition, then either z = z' or both of them lie in the boundary of a Eaton 
component f/, which is eventually iterated to a siegel disk. As an application, we prove 
the monotonicity of core entropy for the quadratic polynomial family {/c = z^ c : 
fc has no Siegel disks and is locally connected }. 


1. Introduction 

Let / be a polynomial with degree d > 2 in the complex plane C. The filled Julia set 
is 

Kf := {z ^ C : The orbit {/^(^)}n>o is bounded } 
and the Julia set is the topological boundary of the filled Julia set 

Jf = dKf. 

Both of them are nonempty and compact, and the filled Julia set is full^ i.e., the comple¬ 
ment C \ Kf is connected. We call := C \ Kf the basin of infinity which consists of 
points with the orbit attracted by oo. If Jf is connected. Then is a simply connected 
and there exists an unique holomorphic parameterization such that 

Tj(oc) = oo, Tj(oc) = 1 and 

= ( 1 . 1 ) 

By the external ray R{0) we mean the preimage of the radial line TJ i{^g27rz^ : r > 1}, 
where 9 G M/Z is the argument of the ray. We say that R{9) lands at z G J/ if 
lim^^iTj(re^^^^) = 2 ;. By the theorem of Caratheodory extends continuous to 
with = Jf if and only if Jf is locally connected. 


Throughout this paper we consider the case, Jf is locally connected. Define a : 

Jj, 9 i-A a{9) where a{9) is the landing point of ray R{9). By (1.1), we have the following 
semi- conj ugat ion, 

f{a{9))^a{ad{0)), (1.2) 


where : M/Z ^ M/Z with 9 d 9 modZ. Thus, to study the topology of the Julia set 

and the dynamics of / on Jf is necessarily to figure out the semi-conjugation a. 


There are two questions arising naturally, 

(1) For any z in Jj, is the fiber a~^(z) finite ? In other words, are there only finite rays 
landing at 2 ; ? 
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( 2 ) Give a condition under which 0, Q' are in the same fiber. That is, when two external 
rays ^ same point ? 

For the first question, if the orbit of z is finite, then the fiber is finite |DH84| . 

If z is wandering^ i.e., the orbit is infinite, J.Kiwi gave an upper bound < 2^ 

|Ki02| . A.Blokh and G.Levin consider the more general problem: counting the number 
of external rays landing at distinct wandering points with disjoint forward orbits. Blokh 
and Levin worked the abstract modeling invariant laminations and introduced a new tool 
called growing tree |BL02| . In this paper, inspired by |Ki02| . we reprove the inequality in 
a totally different way. 

Theorem 1.1. Let zi, — • , z^ be wandering branehed points sueh that their forward orbits 
avoid the eritieal points and are pairwise disjoint. Then 

y] {v{zi) - 2) <d-2. 

l<i<m 

In the above theorem, a point 2 ; is called to be a branehed point if the fiber a~^(z) 
contains at least three angles and the valenee v{z) is cardinal number of a~^(z). 

For the existence, W. Thurston proved that for quadratic polynomials there is no wan¬ 
dering branched points. He asked a deep question concerning their existence for higher 
degree in the preprint |Th85| . A.Blokh and L.Oversteegen answered the question by con¬ 
structing an uncountable family of cubic polynomials, the Julia set of each one is a dendrite 
and containing wandering branched points |BO08j . 

For the second question, following |BFH92| . |Po93| and |Ki05| etc, we need a concept: 
eritieal portrait associated to a polynomial /. 

• For critical point c in Jj, ©(c) is the set of arguments of external rays which land 
at c and are inverse images of one ray landing at critical value /(c). Obviously, #©(c) is 
degj(c), the local degree of / at c. 

• For strictly pre-periodic critical Fatou component C/, ©([/) is a collection of deg{f\u) 
arguments whose rays support U and are inverse images of one ray supporting f{U). 

• For Fatou component cycle C/q, • • • 5 Up-i with /^(C/q) = Up Uq^ let • • • , Uki 
with 0 < A;o < • • • < /c/ < p — 1 be critical with degree no, • • • , n/. For 0 < i < p, choose 
{zi^9i)^ Zi G dUi and R{9i) supporting Ui at 2 ;^, such that P{zo) = 2 ;^, f^{zp) = Zp and 
P{R{9o)) = R{9i). Then Q{Ukj) is the set of arguments whose external rays land on dUkj 
and are preimages of R{9k-^i)^ for 0 < j < 1. 

Let A := {©(ci), • • • , ©(c^), ©(f/i), • • • , ©(I/i)}- For any © G .4, set 

© := U{©^ : 3 a chain ©0 = ©, • • • , ©a; = ©Mn ^ such that ©^ P| ©^+1 A 0}- 

The collection A := {© 1 , • • • ,©Ar} is called eritieal portrait associated to /. In the unit 
circle, there is a partition V {/i, • • • , Id} of M/Z \ |Ji<^<w ©i- Each R is a finite union 
of open intervals with total length 1/d. 

Given a partition, we say x^x' have the same itinerary respect to the partition under a 
map g if and only if both g'^{x) and g'^{x') lie in the same piece of the partition, for any 
n > 0. 

For polynomials with all critical points strictly preperiodic, B.Biefield, Y.Fisher and 
J.H.Hubbard showed that, if 0, 9' have the same sequence respect to the partition V then 
a{9) — a{9') |BFH92j . A.Porier extends this result to crtitical finite polynomials, admit¬ 
ting periodic Fatou component |Po93j . Both of their proofs rely on the orbifold metrie in 
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Julia set, on which / is expanding. In |Ki05j . Kiwi considered the polynomials with all 
cycle repelling and Julia set connected. Based on the properties of maximal lamination^ 
he proved that if 0, 9' have the same sequence respect to 'P, then the impressions of R{9) 
and R{9') intersect. 

We prove the following theorem, which is the main result of this paper. 

Theorem 1.2 (Main Theorem). Let f be a polynomial with Jf loeally eonneeted. Let V 
he the partition indueed by eritieal portrait A. If 0, 9' have the same itinerary respeet to 
V, then either R{9),R{9') land at the same point or R{9), R{9') land at the boundary of a 
Fatou eomponent U, whieh is eventually iterated to a siegel disk. 

Note that S.Zakeri in |Za00j proved that for Siegel quadratie polynomial /, i.e., f : z ^ 
z‘^ -\- c has a fixed Siegel disk, no points has more that two rays landing at and if two rays 
landing at 2 ; then 2 : must eventually hit the critical point 0. 

The following Corollary holds immediately. 

Corollary 1.3 (No wandering continua in Jf). Let f be a polynomial with Jf loeally 
eonneeted. Then there is no wandering eontinua in Jf. 

We have to point out that A.Blokh and G.Levin also proved the above corollary |BL02| . 
And J.Kiwi proved that, for polynomials without irrational neutral periodic orbits /, Jf 
is locally connected if and only if / has no wandering continua in Jj. Kiwi’s proof relies 
on constructing a puzzle piece around each pre-periodic or periodic point of a polynomial 
/ with all cycles repelling |Ki04j . 


1.1. Motivation 


One of our motivation is to study the eore-entropy of polynomials. Suppose X is a com¬ 
pact metric space and ^ : X ^ X is continuous. The topological entropy of g is measuring 
the complexity of iteration from the growth rate of the number of distinguishable orbits. 
The eore-entropy of polynomial / is the topological entropy of / on its /-invaritant set 
Hubbard tree^ i.e., the convex hull of the critical orbits within the (filled) Julia set. Let 
Acc{f) be the set of all biaeeessible angles 0, i.e., there exist at least two rays landing at 
a{9). Then the core-entropy h{f) is related to the Hausdorff dimension of Acc{f) in the 
following way. 


h{f) = logd • H.dim Acc(/). (1.3) 

These quantities are according to W.Thurston who firstly introduced and explored the 
core-entropy of polynomials. 

For quadratic polynomials, G.Tiozzo showed the continuity of core-entropy along prin- 
eipal veins of the Mandelbrot set M in |Til3j . This result is generalized by W. Jung to all 
veins pu m- Recently, G.Tiozzo proves that the function 9 h{fo) with fo{z) = z^^ -\- cq 
is continuous. 

A.Douady proved the monotonicity of core-entropy along real vein M pM |Do9^ . The 
monotonicity for all post critically finite quadratic polynomials is proved in Tao Li’s thesis 
pOT] . As an application of theorem |1.2[ we extend Tao Li’s result to a quadratic family 
X := {/c = 2 ;^ -h c : /c has no Siegel disks and Jf^ is locally connected }. 


Theorem 1.4 (Monotonicity of core-entropy). For any fc^fc' ^ IF^ ^f fc ^ /c'; then 
Acc{fc) C Acc{fc') and so h(fc) < /i(/cO* 


For any /c, fc' in X, we say fc ^ fc' if and only if X 2 Ic'-> where X is the eharaeteristie 
are of X- See section for details. 
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1.2. Sketch of the proof and outline of the paper 


The proof of main theorem 1.2 is based on the analysis in the dynamical plane. There 
is a partition of C, induced by critical portrait. It has nice properties: for any 

points G Jj, the regulated are [x^y] C and is one-to-one, where F is a 

topological polynomial which takes the same value as / in flj. Thus ii x ^ y have the 
same itinerary respect to we obtain a sequence {F^[x^yW of regulated arc. The 

sequence will eventually meet p| Jj. However it is difficult to prove that the 

partition \Jli}i<i<d separates f^{x)^f'^{y) for some n. To overcome this difficult, we use 
this sequence to construct a wandering arc in Jj, which is a contradiction. 


In section we prove theorem hT This key result is useful to show the fact of no 


wandering regulated arcs in Lemma |6.1 
In section 


we give the construction of regulated arcs and describe its properties, 
we explain how to get a desired topological polynomial F by modifying / 


In section 
in Fatou set. 

Section [^analysis the properties of partition induced by critical portrait in the dynamic 
plane. 

proved in section 


The main Theorem 1.2 


IS 


In the last section, we discuss characteristic arcs in details and give an application of 
the main theorem to the monotonicity of core entropy for a quadratic polynomial family. 


Aeknowledgment. The author would like very much to thank Professors Weiyuan Qiu 
and Lei Tan for their introductions, support and suggestion over these years. The author 
also wants to thank China Scholarship Council for supports. 


2. Wandering Orbit Portrait 

If not otherwise stated, we assume / to be a polynomial with degree d > 2 and Jf 
locally connected. Our objective is to prove the Proposition |2.5[ 

2.1. Portraits 

Now we give some definitions by following |Mi00j [GM93j [BFH92j |Ki02j etc. 

For a point z in Jj, the valenee of z, written v{z)^ is the number of external rays landing 
at z. Then I < v{z) < oc. If v{z) > 3, z is called to be a branched point, z is called to 
be wandering if f^{z) ^ f^{z) for m ^ n > 0. 

Let T := {^i,..., 0^}, 9i G M/Z, 3 < n < oo. T is called to be a portrait of z if all R{9i) 
land at z. Denote by a{T) := z the base point and v{T) := n the valenee of T. Obviously, 
we have 3 < v{T) < v(z). 

Let T be a portrait of z. Each connected components of C \ \JeeT is called a seetor 
of T based at z. Evidently, any sector F of T is bounded by two rays R{9a)^R{9h) with 
^ T. Let I{S) be the segment of M/Z \ {9a^9i)} disjoint with T. Then there is 
a one-to-one correspondence betweens sectors based at z and the segments of M/Z \ T, 
characterized by the property that R{t) is contained in S if and only if t is contained in 
I{S). Denote the correspondence by / : F i-A I{S). 

We define the annular size of a sector F, written /(F), by the length of the corresponding 
arc I{S) in M/Z. Number the n sectors of T by S'i(r), • • • , Sn{T) according to their length: 

/(5i(r))</(F2(r)--.</(F,(r)). 
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Figure 1 . Portraits T, T ' with distinct base points 

By means of critical sector or critical value sector if a sector S contains critical points 
or critical values. 

Lemma 2.1 (For portraits with distinct base points). Let T, T' he two portraits with 
a{T) ^ a{T'). Let S resp. S' be the sector of T resp. T' such that a{T') resp. a{T) is 
contained in S resp. S'. Then all but S' resp. S of the sectors ofT' resp. S' are contained 
in S resp. S' and so we have 

l{Si{T')) < 1{S) foTSi{T')^S' and l{Si{T))) < 1{S') for Si{T) ^ S. 

Proof Set G := \Ji<i<viT) U and G' := [ji<i<v{T') U They 

are disjoint close connected subset of C. So G' is contained in exactly one connected 
component of C \ G, that is, some sector of T. Since (y.{T') G S and a{T) G S'^ we have 
G' C S and G C S'. See figure [Tj Thus all sectors of T' resp. T except S' resp. S are 
contained in S resp. S'. The lemma follows. □ 

2.2. Sector maps 

Lemma 2.2 (Properties of sector maps). Let T = {0i, • • • a portrait such that 

the base point Oi{T) is not a critical point of /, here 9i are enumerated in cyclic order 
around the circle. Then 

(1) The map > t dt mod Z carries T hijectively onto the portrait T' : = {crd(^i), 

• • • 5 (^'u(T))} of f{a{T)) preserving cyclic order. Define the portrait map to he 

cJd '. T ^ T '. 

(2) Let S be a sector of T bounded by R{9a) and R{9}f). Then the sector map 

S', 

where S' is the sector of T' hounded by R{ad{9a)) and R{ad{9i))), is well defined and 
one-to-one. 

(3) l{(j(i{S)) — dl{S) mod Z. Moreover, the integer uq dl{S)—l{crd{S)) is the number 
of critical points, counting multiplicity, of f contained in S. 

(4) If no > 1, then crd{S) contains at least one critical values. 

(5) Ifl{S) < 1/d, then l{crd{S)) = dl{S) and the restriction of f on S is homeomorphic. 
Note that we distinguish the definitions of by acting on different categories. 
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Proof. Let 2 ; := a{T). Since 2 : is not critical. / is a locally orientation-preserving homeo- 
morphism at 2 ;. Note that the v{T) angles 0i in M/Z and rays R{9i) around 2 : are identical 
in order. Moreover, the order of R{6i) can be measured within an arbitrarily small neigh¬ 
borhood of z. It follows that all rays with angels in T' land together at f{a{T) and ad 
sends angles in T onto T' bijectively and keeping the order. Thus (1) and (2) follows. 

For (3), suppose S is bounded by R{0a)^ R{0h)- Let 7 ^ 6 (^) be a segment of equipotential 
curve { 2 ; G C : Gf{z) = 1} which lies in S with 7 ( 0 ) = Xa and 7 ( 1 ) = where 
{xa} := 2 ind {x^} := Let Q be the close domain bounded by 

Rio a), "lab and RiOb). See figure [2| 

Consider the image f{dQ). It starts at f{z) and goes along the rays R{a{9a)) until it 
arrives at /(x^), then it rotates d 1{S) angles, parameterized by angles of external rays, 
along the equipotential curve { 2 ; G C : 6 ^/( 2 ;) = d} to /(x^), finally it turns to f{z) along 
R{a{9i))) and stops. 

Let Gd {z ^ C \ Gf{z) < d}. Let Q' be the domain ad{S) {^Gd- By the arguments 
above, it is easy to see that /{jab) surround dGd in no times and overlap dGdf]dQ' one 
time more. Thus, 

l{ad{S))Pno = dl{S). 

Moreover, 2 ; G dGd \ dQ' has no preimages in 7^5 and 2 ; G dGd H Las no + 1 preimages 
in ^ab- The winding number of points in Gd \ f{dQ') are 


w{z) 


no + 1 2 ^ G 

no 2 ; G Gd \ Q' • 


( 2 . 1 ) 


By the Arguments Principle, every point z ^ Gd \ f{dQ) has w{z) preimages, counting 
multiplicity, in Q. 

Now claim that every points 2 ; in dQ'\dGd^ consisting of two segments of external rays, 
has no + 1 preimages, counting multiplicity, in Q. Since such 2 ; can not be a critical value, 
choose sufficiently small enough neighborhood Uz such that the restriction of / on every 
component f~^Uz is homeomorphic. Since Uz has no + 1 components in Q and Q is 
closed, 2 ; must have no + 1 preimages in Q as well. 

Let — G f{Q) be the critical value of /|g. Let fii be the total multiplicity 
of critical points in Q mapped to Vi. Choose a cell subdivision A of f{Q) such that 
the set of its 0 -cells contains {/( 2 ;), xi, • • • ,x^} and the set of 1 -cells contains dQ'. Let 
Ai := {complexes of A contained in Q'} and A 2 := A \ Ai. It follows that Ai is a 
cell subdivision of Q'. Set Xi^yi^Zi to be the number of 0 -cell, 1 -cell and 2 -cell of A^. 
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Computing the Euler characteristic, we have 

X{^) =xi-yi+zi = +l ( 2 . 2 ) 

and 

^{f{Q)) = (^1 + ^ 2 ) - ( 2/1 + 2 / 2 ) + + Z 2 ) = + 1 . (2.3) 

After lifting every complexes in A by /|g, we obtain a cell subdivision Aq of Q. Then 

T((5) = [(no + l)xi+ noX2 - ^ /i^] - [(no + 1 ) 2/1 + no2/2] 

l<i<n ( 2 . 4 ) 

+ [(^0 + 1)^1 + ^0^2] = +1- 

and ( |2.4[ ), we have 

^ ^ ~ ^0* 

Thus (3) is completed. 

For (4), we use the notations as above. If not, assume Q' contains no critical values. 
Then every component of /|g^(Q0 simply connected and / on the closure of which is 
homeomorphic. Consider the component C with dQ\^ab ^ C. /|^ cannot be one-to-one, 
a contradiction. 

For (5), it follows directly by (3). □ 


Combining (2.2), (2.3 


2.3. Dynamics of wandering portraits 

Portrait T is called to be wandering if and only if the point oi{T) is wandering and not 
iterated to critical points of /. We denote by := 

Recall that S'i(T), • • • , Sy(^T^{T) are the v{T) sectors of T enumerated by the order of 
their annular size. We have the following lemma. See also in |Ki02| . 


Lemma 2.3. Let T he a wandering portrait. Then 

lim72—)^oo^(*5^(T)— 2 (^ 72 )) — 0- 

Proof. If not, there exist a number a > 0 and an infinite sequence such that 

5a/6 < l{S^{T)-2{Tnk) < 7a/6- 

The sectors S'x;(T)- 2 (^n/e) can not be pairwise disjoint. Because otherwise the total length 
of the infinite many intervals /(S'^(r)- 2 (^nfc) would be greater than 1. 

Then there exist ni ^ Uj such that S'x;(T)- 2 (^nJ H *S''i;(r)- 2 (^nj) ^ 0* By Lemma 
we can assume a{Tnf) G Sy{T)- 2 {Tnj) and both sectors 5^(T)-2(7'nJ and 5^(r)-i(7'nJ 
contained in Sv{T)- 2 {Tnj)- Thus, 

KSv{T)-2{Tnj)) > KSv{T)-2{Tni)) + KSv{T)-l{Tnj)) > 5a/3, 
a contradiction. □ 


2.1 


are 


By lemma 2.3, for any wandering portrait T, the annular size of sectors T^, except 


the two large ones, will converges to zero. Furthermore, a similar argument can show 
that liminf = 0. We will not use this fact. We are more interested in the 

moment when a ’’wide” critical sector is mapped to a ’’narrow” critical value sector. 

For any sufficiently small e > 0 and 1<A:<'L’(T) — 2, Set 

ne,k{T) := min{n : l{Sk{Tn)) < e}. 

By lemma 2.3, l{Sk{Tn)) will eventually be smaller than e as n ^ oc. Thus n^^k{T) is well 
defined. We have the following. 









Lemma 2.4. Let T he a wandering portrait. Then There exists 5 > 0 sueh that for any 
e < 5, denote by ~ ^^e.kiT), 1 < < '^(^) ~ 2^ we have l{Sk^i{Tn^ > e and there 

exists at least one eritieal value seetor SkQ{Tn^^) with 1 < ko < k. 


Proof. By lemma 2.3, there exists an integer > 1 such that, for any n> 

l{S.(T)-2{Tn)) < 

Set 

5 := mini<i<jv{ l{Si{Ti)) }. 

For any e < 5, since is the first time that the sector has length strictly less than 
e. We have 

^ < l{Sk{Tn^ j^-l)) < l{Sy(^T)-2{Tne k-l)) < 2v{T)d' 

(5), / maps the v{T) - 2 sectors Si{Tn^ j^-i)r " , Syi^T)-2{Tn,^k-i) onto 
homeomorphic with their length multiplied by d. Then 

l{(Td{Sk{Tn,^k-i))) >de>e and l{Sk{Tn^^^)) < e. 

This means (id must map at least one of the two sectors *S^(T)-i(^ne ^-i) and ^- 1 ) 

onto a ’’narrow” sector SkoiTn^j^) with l(SkQ{Tn^ j^)) < e. By lemma 2.2 (4), SkoiTue^k) 


By Lemma 
sectors of T. 


2.2 


'^e,k 


a critical value sector. Actually, there are only one of the above two sectors mapped to 
such ’’narrow” sector. Because the total length of the v{T) — 1 images, 

KSkdTn,,)) + E < t 

l<i<v{T)-2 

It follows that the other sector is mapped to the widest sector Sy(^T){Te,k) with length > 
Thus, we have 

Sk^i{Tn,^k) = ^d{Sk{Tn,^k-i)) >de>e and 1 < ko < k. 

The proof is completed. □ 

2.4. Proof of theorem |l.l| 

Proposition 2.5. LetT^^\ • • • he wandering portraits sueh that a{T^'^^) have disjoint 

forward orbits. Then 

(^(T®)-2) < d-2. (2.5) 


l<i<m 


Proof. Let 60 > 0 be sm aller than any 6rp(^i) , for 1 < i < m, as stated in the Lemma 12.4 


Firstly, applying Lemma 2^ to the case T = T^^\ k = 1 and e = 60 , we obtain a critical 
value sector Si{Tnl^^ i) and 

e := liSiiT^Hd) < CO < ^(52(4'^)). (2.6) 

Let Uk^i := for 1 < i < m, 1 < A; < v{T^'^^). By the definition of Uk^i and 

orbits of a{T^'^^) disjoint in the condition, it is easy to see that 

+ Uk^j + neo,i and (2-7) 

for 1 < i, j < m and (i,A:i) ^ (j, ^ 2 ), 1 < fci < 'L’(T(^)),1 < k2 < v{T^^^). By Lemma |2.4 


again, we obtain N := ~2) critical value sectors, denoted by Sy(^k,i){d^nk i)^ 

and we have 

l{Srik,i){TS,)) < e < KSk+i{Tl:l))^ 1 < r(fc,i) < k. 


(2.8) 
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2.1 


for any distinct two of the A^+1 critical value sectors Si{Tnll^i 


By (2.7) and Lemma ! 
and they are neither disjoint or one contains the other. 

We claim that the latter case can not happen. If not, suppose ! 


are 


contained in Sr(k 2 ,i 2 )i'^nkli 2 )' Lemma 


2.1 


we have 


Sh+l(T}Sl.^) C Sx(fa.„)(4S„) and )) < i(Sx(fa.„)(4S„))^ 


^ ""T(fc2,^2)V^n/e2,z2> 

(^2.8). If one of them is Si{Tnl^^ i)^ similarly by (2.6), it is impossible. 

1 critical values sectors are pairwise disjoint and each of them contains 
at least one critical value. Since it is known that, for degree d polynomials, there exist at 
most d — 1 critical values. SoA^+l<d—1. The proof is completed. □ 


This contradicts 
Thus the N + 


Proof of Theorem [H The theorem follows immediately by Propositions |2.5[ □ 

Actually the result in this section can extended to polynomials with Julia set connected 
or not connected. We omit the details. See Appendix A in |Ki02| . 

Corollary 2.6. Let f be a polynomial with the Julia set Jf loeally eonneeted. Then the 
number of grand orbits of wandering branehed points is finite. 


3. Regulated arcs 


According to Eaton and Sullivan, every bounded Eaton components of polynomials 
must eventually be mapped to the immediate basin of attraction of an attracting periodic 
point, or to an attracting petal of a parabolic periodic point, or to a periodic Siegel 
disk |Mi06j |Sn83| . We refer to these cases simply as hyperbolic^ parabolic and Siegel 


cases. 


For any two points x^y ^ Kf there usually exist more than one arc ^ in Kf connecting 
X and y. In the following, we will give the definition of internal ray and regulated arc 
in Kf and show how to choose a canonical embedded arc between any two points in the 
filled Julia set. Under certain condition, such arc is unique (See Lemma 3.4). 


3.1. Extended rays 

Now consider the polynomial / with Jf locally connected. We have. 

Lemma 3.1 (Bounded Eaton components are Jordan domains). For any bounded Fatou 
eomponent U, dU is a Jordan eurve. 

Proof Since Jf is locally connected, then dU is locally connected. Consider the Riemann 
map: ^jj : D ^ it extends continuously to D by Caratheodory Theorem. Therefore, 
dU is the curve If ^u\S^ is not injective. Then there exists t < t' in with 

^u{t) — The two rays $[/([0, and 4>t/([0, will bound a domain [/', 

which contains subset of the Julia set : t < rj < t'}. Since Jf is the boundary of 

infinity attracting domain fij, some points in U' will escape to infinity. This contradicts 
the Maximum Value Principle. □ 


Given any bounded Fatou component [/, pick a point c(f7) in U as center point and 
a Riemann map (pu : U ^ D with pu{c{U)) — 0. Then extend it to a homeomorphism 
pu : U ^ D by Carathedory Theorem. 
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An arc in U of the form : 0 < r < 1} is called a internal ray of U with angle 9. 

All these internal rays meet at the center point c{U). Each ray has a well defined landing 
point in the boundary of U. Conversely, for any point 2 ; in the boundary of ?7, there exists 
an unique internal ray of U landing at 2 ;. We denote this internal ray by Ru{z). For any 
9 G M/Z, if a{9) — z ^ dU^ define the extended ray 

Ru{e) :=R{e)[jRu{z). 

3.2. Components of Jf \ {x} are arcwise connected 

Recall that a topological space X is said to be arcwise connected provided that there is 
a topological embedding of [0,1] into X (called arc ) joining any two given distinct points. 
If p G X, then X is said to be locally arcwise connected resp. locally connected at p, 
provided that every neighborhood of p contains an arcwise connected neighborhood resp. 
connected neighborhood of p. The space X is said to be locally arcwise connected resp. 
locally connected^ provided that X is locally arcwise connected resp. locally connected at 
every point. We have the following well-know result. 

Lemma 3.2. If a compact metric space X is locally connected, then it is locally arcwise 
connected. 


It follows directly by the Lemma 17.17 and Lemma 17.18 in |Mi06| . 

Corollary 3.3. If a compact metric space X is connected and locally connected, then it is 
arcwise connected. Moreover, every connected component of X \ {x} is arcwise connected 
for any x in X. 


Proof. Fix p G X, define Y as follows 

Y = {p} G X : there is an arc in X joining p and x} 

Obviously, F ^ 0. Since X is locally arcwise connected by Lemma 3.2 A simple argument 
show that both Y and X \ F are open in X. Thus, since F ^ 0 and X is connected, we 
must have F = X. So X is arcwise connected. 

Let C be a connected component of X \ {x}, then C is open in X. Indeed, since X 
is locally connected, every 2 ; in C has a sufficiently small connected neighborhood Wz 
avoiding x, thus Wz C C. 

Since X is locally arcwise connected by Lemma 3^, C is locally arcwise connected as 
well. Then one can show that C is arcwise connected in exactly the same way as above. 

□ 


Hence all Julia sets and filled Julia sets discussed in this paper are locally arcwise 
connected and arcwise connected. 


3.3. Uniqueness of regulated arc 

An arc 7 in Kf is called to be regulated if it joins two distinct points in Jf and for any 
bounded Fatou component U, the intersection 7 p U is an empty set or a point or exactly 
two internal rays. 

Lemma 3.4 (Uniqueness of regulated arc). For any two distinct points x,y in Jf, there 
exists only one regulated arc in Kf joining x and y. 

Proof. Let g{t) : [0,1] ^ Kf be the arc joining x and y with p(0) = x and p(l) = y. For 
any Fatou component U whose closure intersects the arc p, set xjj — info<t<i{t : g{t) G U}, 
i.e., the first time p meets U, and yjj — supQ<^<]^{t : p(t) G [/}, i.e., the last time p meets 
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Figure 3. Constructing regulated arc 


U. If xjj ^ yjj. Then we replace the segment r]{{xu^yu)) starting at r]{xu) ending at 
v{yu) by the internal rays Ru{r]{xu) and Ru{r]{yu))^ updating y = 77 [ 0 , xu] URu{r]{xu)) U 
Ru{r]{yu)) C r][yu^ !]• After doing these processes for countable many Fatou components, 
we obtain a regulated arc y connecting x and y as required. 

For the uniqueness, if y' is the other one. Then C\y U y' consists of several disjoint 
connected components. Let W be one of the bounded component in Kf. Then VF is a 
Jordan domain and dW C y[Jy'. Applying the Maximum value Principle, W belongs 
to the Fatou set. Let U be the Fatou component containing W. Thus W C U. Since 
{y Uy')f]U consists at most four internal rays and all of the internal rays hit only at the 
center point c{U). It is impossible for them to bounded a domain VF, a contradiction. □ 

The regulated arc is denoted by [x^y]. The open arc (x^y) is defined by [x^y] \ 
and similarly the semi-open arc [x^y) and {x^y]. 

3.4. Quasi-buried regulated arc 

A regulated arc 7 is called quasi-buried if the intersection between 7 and the closure of 
any bounded Fatou component is either empty or exactly one point. Obviously ii Kf = Jj, 
every regulated arc is quasi-buried. But ii Kf ^ Jf^ does there exist quasi-buried arc? 
We conjecture that for some special locally connected Jf such regulated arc exists. 

Similarly as the quadratic case, for high degree polynomials, we still define [3 fixed point 
as the landing point of external ray i?(0). It can be a branched point with at most d — 1 
external rays landing at. 

Let E' := i.e., the preimages of 13 fixed points. Set E be the union of E^ 

and branched points in Jj. If Jj is a segment, then E' — E. We know that E' is dense in 
Jf |Mi06j and thus E is dense in Jj. Moreover, we have the following. 

Lemma 3.5 (Denseness of E in quasi-buried arcs). Let I := [x^y] be a quasi-buried 
regulated are in Kf. Then E is dense in /. 

Proof. Let p be any point in / \ {x^y}. Since Jf is locally arcwise connected by Lemma 


Wpf]{x,y} = $ and peWpf]l(^I. 


3.2, we can choose sufficiently small arcwise connected neighborhood IFp Jf such that 


(3.1) 
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Figure 4. illustrating the proof of lemma 3.5 


See figure 1^ By the denseness of E in Jf^ Wpf]E is not empty. Choose a point 2 ; in 
Wp f]E. If z is in /, then we are done. If not, there exists an arc in Wp joining 2 ; and 


P: 


because Wp is arcwise connected. 


Let ^ be the point at which jzp meets / at the first time. Then ^ belongs to / \ {x^y} 
by (3.1). Let 7 ^^ be the subarc of jzp joining 2 : and It follows that the three arcs 7 ^^, 
[x,^] and [ 2 /,^], meeting at (^, form a ”Y” shape. 

We are left to show that is a branched point. Due to the Theorem 6.6 in |Mc95| . we 
only have to proof that Kf \ {(^} has at least three connected components. Actually we 
have the following. 

Claim that x, y and 2 ; lie in distinct connected components of \ {^}. 


Proof. If not, suppose x^z in the same component C. By Corollary |3.3| C is arcwise 
connected, thus there exists an arc jxzit) in C joining x and 2 ; with 'yxz{0) = x and 
7xz{i) = y- Set 

tx := supo<t<i{t : Jxz{t) G [x,^]} and tz := info<t<i{t : jxz{t) G 

Denote by x' = jxzitx) and z' = "fxz{tz)> Note that x'^z' are contained in [x,^) and 
\ {C} respectively. Let ^x'z' be the subarc in 7 ^^ joining x' and z'. It follows that 
T] := 7 a,/U [z'^^] U [x',^] bounds a Jordan domain V. By the Maximum Value Principle, 
V must be contained in some Fatou component U. Then [x',^] C dU. This contradicts 
the definition that /QC/ is either empty or only one point. A same argument show that 
2 : and X, y cannot lie in the same component of Kf \ {(^}. The claim is completed. □ 

Thus is a branched point. The proof is completed. □ 


4. The topological polynomial F 

The regulated arcs in Kf may not be preserved by the dynamic of /. In this section, we 
will construct a nice topological polynomial E by modifying / in each bounded Fatou set. 
E will coincide with / on the basin of infinity and the Julia set Jf. The above difficulty 
can be most conveniently overcome by investigating E instead of /. Since we only interest 
in the Julia set and the combination of external angles. These changes make no essentially 
differences. 
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4.1. Branched covering map 

Let X and Y be domains in C, ^ : X ^ y be a continuous map. Then g is called a 
branched covering map if we can write it locally as the map z ^ for some n G N after 
orientation-preserving homeomorphic changes of coordinates in domain and range. More 
precisely, we require that for each point q and any preimage p in g~^{q) there exists 
n G N, open neighborhoods U of p and V of g, open neighborhoods U' and y' of 0 G C 
and orientation-preserving homeomorphisms (j) \ U ^ U' and ^ : V ^ with (p(p) = 0 
and '0(g) =0 such that 

{'ip o g o (4.1) 

for all z ^ U'. 

The integer deg^(p) := 'u > 1 is uniquely determined by g and p and called the local 
degree of g a,t p. A point c G C with deg^(c) > 2 is called a critical point of g and its 
image g[c) critical value. Moreover, g is an open and surjective mapping. If the set of all 
critical points only consists of finite isolated points, then g is finite-to-one, i.e., every point 
has finitely many preimages under g. More precisely, if deg(g) is the topological degree of 
g, then 

E degg(p) = deg(5) 

for every g G T. A branched covering with no critical point is called unbranched covering. 
A branched covering map g : C ^ C is called topological polynomial if g“^(oc) = oo, that 
is , oc is a fixed point with local degree deg(g). 

4.2. From polynomial / to topological polynomial F 

For polynomial /, a bounded Eaton component is called critical Fatou component if it 
contains critical point of /. Its image is critical value Fatou component. Given a bounded 
Fatou component t/, / maps U to Fatou component U' holomorphic. /|gt/ • dU dU' is 
an unbranched covering map with degree deg{f\ij). 

Recall that pu : U c{U) i-G 0 is a conformal parameterization . Set 

^uu' •= ^u' o / o ^ 

Now we extend puu' fo be 

PUU' : ro ^ rpuu'i,^^^^^)- 

One can check that puu' is a branched covering. Define Fjj := o pjjijf o pjj : U ^ U' 
by the following communicate diagram. 


{U,c{U)) {U',c{U')) 



(D,0) (D,0). 


By the construction, Fjj satisfies 

• Fu\qu = f\dU- 

• Fjj sends c{U) to c{U'). 

• Fjj is a branched covering with degree deg{f\jj) and the critical point can only be 
c{U). 

• Fjj sends internal rays to internal rays, more precisely, Fjj{Rjj{z)) = Rjjf{f{z)). 
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Now we define the topological polynomial F : 


F{z) := 


Fu{z) If 2 ; in some bounded Fatou component ?7, 
f{z) Otherwise. 


(4.2) 


Evidently, F takes the same value as / in the Julia set and the basin of infinity. Further¬ 
more, we have the following. 

4.3. Properties of the topological polynomial F 

Lemma 4.1. (1) F is continuous. 

(2) F is a branched covering map. 

(3) Forjiny X ^ Jf, [F{x), F{y)] C F{[x,y]). ^ 

(4) F{Ru{9)) = Rjjf {ad{0)), where U' = F{U), for any extended ray Ru{6). 

Proof. (1) We only have to show that, for any z G J/, F is continuous at z. Let {zk} be 
an arbitrary sequence such that Zk ^ z diS k ^ 00 . We continue the discussion into three 


cases, 


If {^k} ^ ^/- Since = / and / is continuous, then F{zk) F{z) as k 


00 . 


• If {zk} are contained in Let {Uk} be a sequence of bounded Fatou components 

such that Zk G Uk and U {Uk : k > 1}. If < 00 , since F is continuous in any Fatou 
component, we f{zk) f{z) as /c ^ 00 . If = 00 , since Jf is locally connected, the 
diameter of Fatou component F(Uk) converges to zero as A: ^ 00 (See for example Lemma 
19.5 in |Mi06| L Thus, 


\F{zk) - F{z)\ < \F{zk) - f{zk)\ + \f{zk) - F{z)\ 
< diam F(Uk) + \f{zk) - f{z)\ 0 


as 


k 


00 . 


• In other cases, decompose {zk} into two subsequence {zkf\^ contained in fij, and 
{zy} in Fatou set. By the former arguments, both of the image of the two subsequence 
converge to F{z) as /c ^ oc. So F{zk) ^ 0 as A: ^ 00 . 

Thus F is continuous. 


(2) Let Crit(E) to be the union of critical points of / in Jf and the center of critical 
Fatou components. 

Firstly, claim that F : C\E“^(F(Crit(E))) ^ C\F(Crit(F)) is an unbranched covering. 
We only have to show that F is locally homeomorphic on C \ Crit(E). For any z in some 
Fatou component U^ It follows by the construction of Fjj. For any 2 ; G J/\Crit(F), choose 
a sufficiently small neighborhood Wz such that 

• / on Wz is injective, 

• F\^r^^JJ is injective for any critical Fatou components, 

• f{U) ^ f{U') for any distinct Fatou component U and U' which intersect VF^. 

By the definition of F, We know that F\wz is injective. Therefore, F|w^ is a homeo- 
morphism by the domain invariance theorem. The claim follows. 

Secondly, consider point 2 ; in the finite set Crit(F). Let W be sufficiently small topo¬ 
logical disk around F{z) and 


0 : W 


F{z) ^ 0 


the topological parameterization. Let W' be one of the component F~^W containing z. 
Since F : W' \ {z} ^ VF \ {^( 2 ;)} is an unbranched covering by the claim. The Riemann 
Hurwitz formula implies W' is a topological disk around 2 ;. Denote by 5 := deg(F|^/\|^}). 




JINSONG ZENG 


15 


Consider the following communicate diagram, 

W' - {z} 


V’ 


D- {0} 


W -{F{z)} D-{0} 

where is a homeomorphism obtained by Lifting 0 through F and z ^ . Set '^(z) 

Thus F satisfies (|4.1|) at 2 ;. 


= 0 . 


Therefore, F is a branched covering. The critical points set is Crit(F). 


(3) F([x, ^]), consisting of internal rays, is a curve connecting F{x) and F{y). There ex¬ 
ists a regulated arc 7 C F{[x^y\) joining F{x) and F{y). By Lemma [3^ 7 = [F(x), F{y)]. 

(4) Let 2 ; G dU to be the landing point of R{9). Then F{z) = a{(j(i{0)) G dU'. Since 

Fjj maps internal ray Ru{z) to internal ray Rij'{F{z)) and F{R{9)) = R{ad{9)). Thus 
F{Ru{9)) — Rjjf {ad{9)). The proof is completed. □ 


5. Partitions induced by critical portraits 

In this section our objective is to divide the plane into several simple connected domains 
by external rays and extended rays. These rays land at Crit(F) and collide together after 
F. The restriction of F on each pieces is homeomorphic. 

5.1. Supporting arguments resp. rays 

Following jPo93l, we give the definition of supporting arguments resp. supporting rays. 
Let [/ be a Fatou component and p G dU with total k rays • • • ^R{9k) landing at. 

These rays, numbered in counterclockwise cyclic order, divide the plane into k sectors. 
Suppose U belong to the sector bounded by R{9i) and The argument 9i resp. 

the ray Rq^ is called the left supporting argument resp. left supporting ray of the Fatou 
component U. We can also define the right supporting arguments resp. right supporting 
rays in analogous way. If only one ray lands at p, then the two supporting rays coincide. 

Lemma 5.1. For any U and p G dU, the left resp. right supporting ray of U at p exists 
and is unique. Let R{9) he a ray land at p, then R{9) is the left resp. right supporting ray 
ofU at p if and only if F{R{9)) is the left resp. right supporting ray of F{U) at F{p) 

Proof. Firstly, there are at least one and at most finite many rays landing at p by |DH84) 
and Theorem o Thus it exists and is unique by definition. 

Let R{9^) be the right (left) supporting ray of U at p. Lqq/ := R{9) |J{2^} U ^(^0 bounds 
a domain V containing U. The map F|y is locally homeomorphic at p. So F{R{9)) and 
F{R{9')) are rays supporting F{U). Since F preserves the orientation. F{R{9))^F{U) 
and F{R{9')) are in the same cyclic order around F{p) as R{9)^U and R{9') around p. 
Thus the lemma follows. □ 

5.2. Definition of critical portraits 

Firstly we define 0(c), ©([/) resp. F(c), F(t/), for critical point c in Jf and critical 
Fatou component U by the following way. 
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• For any critical point c G J/, we set 

0 (c) := {Oi, ■ ■ ■ , 6 'deg^(c)} and 7^(c) := • • • ,-R( 6 'deg^(c))} 

such that the total deg^(c) external rays meet at c and F maps them onto exactly one 
external ray. 

• For any strictly pre-periodic Fatou component U^ we denote by 

0(c/) := { 01 , • • • , 0 deg^l^} and := {i?[/( 0 i),•••, i?[/( 0 deg(F|c 7 ))} 

such that the deg(F|i/) external rays R{9i) support U and collide onto one after F. Clearly, 
by Lemma [5.1[ they are supporting U in the same direction. 

• For any critical Fatou component cycle Uq^ * • • , Up-i with F'^{Uo) = Ui^ Up Uq^ it 
can only be attracting or parabolic |Mi06| . Let UkQ^ • • • , Uki^ 0 < /cq < • • • < A:/ < p — 1, 
be critical with degree no, •' * respectively. 

Firstly, For 1 < i < p, choose Zi G dUi and R{9i) landing at such that 

F'^{zq) — Zi^ R^{R{9o)) = R{9i) and R{9p) supporting Up at Zp. Since 

FP : dUo dUo is 5 := no • • • n/ to 1 branched covering, there exist 6 — 1 distinct choices 
of Zp. By Lemma 5.1, all the p external rays supports the Fatou cycle in the same direction. 

Secondly, for critical Fatou component Up^^ 0 < i < /, Q{UkJ is the set of n^ angles of 
external rays, which are supporting Up. and lie in the preimages of R{9k.^i)^ and TZ{Uk.) 
is the collection of n^ extended rays of Up. with angles in Q{Uk.). 

After finishing the choice of Q{UkJ and 7l{UkJ in critical Fatou cycle, we now state the 
following lemma by adopting the same notations as above. 

Lemma 5.2. If z^z' G dUo have the same itinerary respeet to Il{UkQ)^' • • ^IZ{Uki), then 
z = F. 


Proof. Consider the covering F^ : dUo dUo> There are S preimages of Zp in dUo. These 
points cut dUo into open segments 70 , * • • , 75 - 1 , numbered in positive cyclic order which 
starts at zq. Denote by 

[so, •••,«/]:= So^i ■■■ni + sin2 • • • n/ H-h si-im + s/, 

where 0 < sq < no — 1 , • • • , 0 < s/ < n/ — 1 . 

Let 7 /e.,o, • • • nki.m-i be the segments of dUk^ \ [jeee{Uk.) numbered in positive 

cyclic order which starts at zp^. Then F maps onto dUp^^i \ one to one. 

By the construction above, we can see that ^ G 7 [ 5 o,---,sz] if if ^ Ihsi 

for 0 < i < 1. Hence by the condition, {F^p{z)^ F^p{F)}^ for arbitrary j > 0, are always 
contained in one segment of 70 , • • • , 7 ( 5 -i- Now we show that it is impossible. 

Let jzz' be the component of dUo \ {z^z'} contained in some segment 7 j. Since F'^ is 
expanding on dU{). There must exist a minimal positive s such that F^'^{^zz') can not lie 
in one of 70 , • • • , 7 ( 5 -i- Let R 7zo- Since covers dU{) \ {zp} by sticking 

the two endpoints into which is the common boundary of 7 j and 7 (j+i)mod 5 foi* some 
^ < j <6-1. Thus F^P{z) and F^p{z') must be in distinct segments. The proof is 
completed. □ 

It is easy to see that all the R{c) and R{U) defined above are in star shape with a 
critical point in the center. 

Lemma 5.3 (Properties of 7^(c) and IZ{U)). (1) 7^(c)p7^(c') = 0, for distinet eritieal 
points c, c' in Jf. 

(2) IfIZ{c) p ^ 0; then c G dU and the interseetion is exaetly either a point {c} or 

one ray together with the landing point c. The latter happens if and only if Q{c) p| ©([/) ^ 

0 . 
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(3) If7l{U) {^TZ{U') ^ 0; for distinct critical Fatou component [/, U', then the intersec¬ 
tion is exactly either a point {p} := dU f^dU' or one ray together with the landing point 
p. The latter happens if and only if Q{U) p| Q{U') ^ 0. 

Proof. By definition, (1) and (2) follow immediately. 

(3) Since for any two distinct Fatou component 7/, 7/', the intersection U f]U' is at most 
one point. n{U)f]n{U') ^ 0 implies U := {p}. If 0(C/) 0, then the latter 

case happens. Otherwise, we have TZ{U) = {p}. □ 

In M/Z, let A := {0(ci), • • • , 0(c^), 0(C/i), • • • , 0(74,)}- For any 0 G .4, let 

0 := {0' : 3 a chain 0o := 0, • *' ? ©fc := in ^ such that 0^ P| 0i+i A 0}- 

The collections A := {0i, • • • , 0w} are called critical portrait of F. One can check that 
the following conditions are satisfied. 

(1) El<z<iv(#©z-l)=rf-l. 

(2) 01 , • • • , 07 V are pairwise unlinked^ that is, for each i A J the sets 0^ and Qj are 
contained in disjoint sub-intervals of M/Z. 

(3) ad sends 0^ onto exactly one argument. 

5.3. Critical diagram associated to A 

Given critical portrait A^ one can construct a critical diagram P C D as follows. See 
figure 

Start with the unit circle M/Z, for each 0^, mark all of the points with 9 G 0^. 
Let Zi be the center of gravity of the marked points, and join each of these points to 
4 by a straight line segment Iq. Then we obtain a closed set Di := [jig in the unit disk. 
It follows easily by Conditions (2) that distinct Di and Dj will not cross each other. Let 
V [ji<i<dDi be critical diagram associated to A. 

The Condition (1) implies that D \ P are d simply connected domains VEi, • • • , Wd> 
Denote by li the interior of Wi p dD. Then {Ii}i<i<d is a partition of M/Z, each elements 
of which consists of finite open intervals with total length l/d by Condition (3). 

5.4. Partition in the dynamic plane 

Let C {7^(ci), ••• ,7^(c^), TZ{Un)}> For any TZ ^ set TZ U • 

there exists a chain T^o := 7^, •' ’ ? 7^/c TZ' in C such that, for TZi and the latter 

case in Lemm a |5.3[ 3) happens}. 

By Lemma |5.3| each TZ corresponds to a 0, characterized by the property that R{9) is 
in TZ if and only if 0 G 0. 

Lemma 5.4 (Properties of i? ). (1) T := is a tree. Namely, any z,z' G Tf]Jf 

can be joined by a regulated arc in T. Moreover, the branching points in the tree must be 
critical points in Jf or c(U) in critical Fatou component U. 

(2) Suppose R{9i), • • • , R{9i) be all the external rays in TZ, numbered in counter-clockwise 

order. Let Lo-q.^^ := R{9i)\J R{9i^i) U [(a(6>4, 1 < i < /, 9i^i := Oi. Then Lo^q.^^ 

cuts the plane into two domains Y, Y'. Let Y be the one disjoint with R{9j), !</</. 
Then for any x,y ^Y f]Jf, ^ Y and F\^^y^^QY one-to-one. 

(3) The image has only three types: 

• Type I: one ray union the landing point, 

• Type II: one extended ray union the landing point, 

• Type III: two internal rays and one external ray, which looks like ’’Y’\ 
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Figure 5. An example of critical diagram V 


(4) For another VJ, ifTZnTZ'^^, then the interseetion is a point. 

Proof. (1) By the construction of 7^, it is clear that [z, z'] C T if 2 ;, z' G T Q Jf. The lemma 


3.4 implies that regulated arcs cannot form a loop in Kf. Thus T is a tree. Branched 


point 2 ; in Fatou component U is obviously a critical point c{U). If 2 : is in Jj, there are at 
least three critical Fatou component Ui such that 2 : G TZ{Ui) CTZ^i^ {1, 2, 3}. If 2 ; is not 
critical, TZ{Ui) share a common external ray which landing at 2 :. Since one ray supports 
at most two Fatou components. It is impossible. 


( 2 ) Consider [a{0i)^ a{0i^i)]. It has only three possibilities 

( 2 . 1 ) a{0i) = a{0i^i)^ then [a{0i)^a{0ij^i)\ is degenerated. 

( 2 . 2 ) [a{0i).^ a{0ij^i)] C U passes through one critical Fatou component, consisting of 
two internal rays. 

(2.3) [a{0i).^a{0ij^i)] passes through two critical Fatou component U and [/', consisting 
of four internal rays. 

In fact, if [a{0i)^ <^(^ 2 )] passes through more than two critical Fatou component. Let U 
be one of them with U {^{a{0i)^a{0ij^i)} — 0. Then the supporting properties imply that 
there exists a external ray in TZ{U) contained in T, impossible. 

Assume [x^y] \ Y ^ otherwise, (2) follows. Let 7 (t) := [x^y] with 7 ( 0 ) = x and 
7 ( 1 ) = y. Set ti := info<t<i{t : 7 (t) G C \ T} and ^2 := supo<t<i{t : j{t) G C \ T}. Then 
-f{ti) G dY, i G {0,1} and so [7(^0),7(^1)] ^ We havejx, fl= [7(^0),7(^1)] 

and [x,y] = [^,7(^0)] U [7(^0),7(^1)] U[ 7 (^i), 2 /]- Thus [x,y] C Y. 

Now we have to show that is one-to-one. Note that [7(^0)?7(^1)] consists 

exactly several internal rays. 
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In case (2.2), at least one of R{9i)^ R{0i+i) is supporting [/, because R{U) C R. So 
[ 7 (^ 0 ), 7(ti)] n ^ is either a point or one internal ray. Thus is one-to-one 

immediately. 

In case (2.3), let {p} = U f]U'. We have R{0i)^ R{9i^i) supporting [/,[/' respectively. 
Otherwise, there exists a ray in TZ{U) or TZ(U') landing at p contained in T, impossible. 
Thus the intersection between [ 7 (^ 0 ), 7 (G)] and U resp. U is at most one internal ray. 

We are only left to consider the case [ 7 (^ 0 )? 7 (^ 1 )] = [^{U)^c{U')]. Suppose 
is not one-to-one. Then F([p, c([/)]) = F([p, c(?7')]), thus p is a critical point. There 
exists at least a external ray in TZ{p) contained in Y. Otherwise, consider the section S 
of C \ TZ{p) containing U^U'^ is locally homeomorphic at p, thus it can not paster 
[p, c([/)] and [p, c(?7)] together. This contradicts the choice of R{9i) and i?(0^+i). There¬ 
fore F|[c(t7)^c(t/')] is one-to-one. 

(3) By the discussion in (2), it follows easily that is in Type I, Type II or 

Type III if and only if [a{9i)^a{9i^i] is in case (2.1), (2.2) and (2.3), respectively. 

(4) It holds directly by the definition and Lemma [5.3[ □ 



Figure 6. An example of partition corresponding to critical diagram in 
figure Here the critical Fatou components are Ui^U 2 ^U^ and L 4 . There 
exists a critical points cq with deg^(co) = 2. 


Let C := {Rir '' ^Rn}- For simplification, the elements are numbered in such fine 
order that Ri consists of (extended) rays with their arguments in ©^. Let P := C \ 
Ui<z<A^ Ri consists of finite unbounded pieces Pi, • • • , P^. 

Consider the critical diagram V. Given VFi, suppose it is bounded by [ji<j<ki{hj C Iq',) 

with Oj^Oj G 0j and Iq. U C Dj. Then, in the dynamic plane, Lq.q/ ^ 1 < j < in 

(2), let VUy':- ' ' 


Lemma 


5.4 


(2) are well defined. As in Lemma 


be the component disjoint with [jeeh R{9). 


5.4 


\ L 0 .o>, where Y' 
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Now we define the partition }i<i<d of fho dynamical plane by setting 

n,:=c\ U y. 

l<j<ki 

We have 

• P = [ji<i<d n* and Ilj n = 0 if i 7 ^ j. 

• each n^, maybe not a domain, consists of finite pieces Pj and dUi are the union of 
several (extended) rays. 

• there is an one-to-one correspondence between { li }i<i<d and { E^ }i<i<d by the prop¬ 
erty that 9 ^ li if and only if R{9) C E^. See figure and figure 

Based on the topological argument principle, we shall prove the following. 

Proposition 5.5. The restriction of F on each Hi is homeomorphic. 

Proof. Recall Gj : C ^ [0, oc] is the Green’s function which vanishes precisely on Kf and 
Gt '•= {z ^ C : G{z) < t} a simply connected domain. Set Qt = Gt which is bounded 
by edges in two types, 

• The segments of the equipotential cure Gf{z) — t which lies in E^. Each one corre¬ 
sponds to an arc in R. We denote by Ti the union of all these segments. 

• The segments of Lq.q/ ^ f ^ j satisfying the potential inequality Gf{z) < t. 

Each segments in T^ is mapped to equipotential curve 'jdt := {^ G C : G{z) = dt} locally 

homeomorphic. Since F pastes the segments of the latter two types together as in Lemma 


d to 1 and is the union of T^, 1 < i < d, with their interiors disjoint. Thus E(r^) covers 
7 ^ exactly once. 

Let zq be any point of C which does not belong to the image F{dQt). By the Topological 
Argument Principle, the number of solutions to the equation F{z) = zq with z ^ Qt^ 
counted with multiplicity, is equal to the winding number of F{dQt) around zq. By 
the arguments above, it is not hard to check that this winding number is -hi for zq 
in Gdt \ \Ji<j<ki zeros for zq in C \ Gdt- So F\q^ is one-to-one. By the 

arbitrariness of t, F on E^ is homeomorphic. 

□ 


5.4 (3). It follows that 'jdt is covered by T^ at least once. We know that Idt is 


5.5. Regulated arcs in the partition 

Lemma 5.6. For any distinct G E^p Jj, the regulated arc [x, y] is contained in E^. 
Moreover, 

F : [x,y\ [F{x),F{y)] is homeomorphic. (5-1) 

Proof We adopt the notations as before. For I < j < ki, x,y ^Yj. Then the Lemma [5^ 
(2) gives [x,y] C Yj. Thus [x,y] C ni<i<fci V = 

Consider the set 


X {z e F{[x,y]) : there exist zi ^ Z 2 ^ [x,^] such that F{zi) = F{z 2 ) = z}. 

Since Fjn^ is one-to-one by Proposition |5.5[ X C F([x,^] p|dE^). 

We claim that X C F{[x,y]f] dHi ClJf)- If not, let z ^ X f^U for some bounded Eaton 
component U. Then there exists two distinct zj G Uj such that F{zj) = z. Firstly, If 
Ui — U 2 -> then Ui must be critical, zi and Z 2 are contained in two internal rays of F{Ui). It 
is impossible by Lemma 5.4 (2.2). If ^ t/2, consider the branched covering F : Uj ^ U. 
The image F{Uj Hbli) is either U oi U \ R for some internal ray. In both of the cases we 
have 
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This contradicts the fact that F is one-to-one on Hi in Proposition |5.5[ The claim follows. 

Since [x^y] f]dllif^jf is finite, then X is finite as well. This means F{[x^y]) has only 
finite many self-intersection points. If X ^ 0, then we can easily obtain a loop in F([x, ^]), 
consisting of regulated arcs by Lemma [ tT| (3). Lemma 3.4 gives a contradiction. Thus we 
have X = 0. Therefore, F : [x^y] [F{x)^F{y)] is homeomorphic. 

□ 


6. Proof of the main theorem 


In this section we aim to prove the main theorem, applying the tools prepared in the 
previous sections. 


6.1. No wandering regulated arcs 

Proposition 6.1. For any regulated are [x^y] in Kf, there exist two integer m ^ n > 0 
sueh that y] p| y] ^ 0 . 


Proof. For any critical point, if [x, y] is mapped onto it twice, then of course we are done. 
So, by iterated [x^y] suitable times, we can assume f^\[x,y] is homeomorphic. We continue 
the analysis by distinguishing the regulated arc into two case. 

• [x^y] is quasi-buried, i.e., #[x^y] f]U < for any bounded Fatou component U. 

• there exists a bounded Fatou component U such that f]U >2. 

In the first case, [t, y] C Jj. Recall that E is the union of branched points and preimages 
of /3 fixed points in Jf. By Lemma 3.5, E is dense in [t, y]. If some (pre-)periodic point lies 
in [t, ^], we are done. Then E contains infinitely many wandering branched points. 

Since the number of grand orbits of wandering branched point is finite by Corollary |2.6[ 
So there is at least a branched point 2 ; such that its grand orbit intersects [x, y] infinitely 
many times. Choose any two distinct zi^Z 2 G [x^y] in the grand orbit. Then we have 
f'^{zi) = f^{z 2 ) for some m,n > 0. Therefore /^[t, p|/^[x, 7 ^ 0. Since f^\[x^y\ and 

f'^\[x,y\ is injective. We must have m ^ n. 

In the second case, let [x'^y'] := [t,^]P|C/, consisting of two internal rays, particu¬ 
larly containing c{U). By Sullivan’s no wandering Fatou components, U will eventu¬ 
ally be periodic. Then c{U) G [x'^y'] is pre-periodic. So there exists m ^ n such that 
y'] p 7 ^ 0. The proof is completed. □ 


6.2. Quasi-buried case 

Proposition 6.2. Let be the partition ofC indueed by the eritieal portrait of f. 

Let [t, y] be quasi-regulated are in Kf. Ifx^y have the same itinerary respeet to {n^}i<z<d; 
then X — y. 

Proof. We argue by contradiction and suppose x ^ y. Denote by Zn F^{z) for any 
2 : G C. By Lemma [KBl for any m > 0, n > 1, 

: [xm^Vm] km+n, 2 /m+n] IS homeomorphic. ( 6 . 1 ) 

Firstly, we claim that there exist M 7 ^ X > 0 and ^ such that 

• C ^ [xM^yM][MxN^yN]^ 

• The orbit of ^ is disjoint with the finite set X := [ji<i<d{d^i C Jf). 

Proof of Claim. Consider the set 

y := { 2 ; G [t,^] : there exist m,n > 0 and z' ^ z ^ [t,^] such that F^{z) = F^( 2 ;')}. 
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Since there is no wandering regulated arc by Proposition |6.1[ Y is dense in [x^y]. 

For any z ^ there exist m ^ n > 0 such that Zm G [xm^ym] Cli^n^yn]- If fhe orbit 
{zi}i>{) never hit X, we are done. If Zn^ G X and the orbit {znQ^i}i>{) is infinite, then 
there exists a large number Xq such that the orbit { 2 :wo+z}z>o avoids the finite points X. 
Let M = Xo + m, X = Xo + n and ^ we are done. 

Otherwise, we can suppose that all Y are eventually iterated to Xq C X and points 
in Xo are (pre-)periodic. Then there exist a periodic point w with period p and infi¬ 
nite many points in Y iterated to w. Thus we have {z'^n') and {z'\n")^ z' ^ z" G X, 
such that F^' {z') = F^" {z") = w and n' = X ^modp. Let n" = X + kp^ k > 0. Then 
F^"{z') = F'^"{z") = re, which contradicts (6.1). The claim follows. □ 


For simplicity we write [x^y] = [xM^yM]- Let ^ G [x^y] p|[xw, 2 /w ]5 X > 1, such that its 
orbit never hits the boundary of the partition Let 

H ■= [a;,2/]IJ[®^’y^]UNAr,y2Ar]lJ--- • (6.2) 

Then, 

• For any (,7] e H, [C,? 7 ] C H. Indeed, suppose C e ymAr] and r? G [a^naiv, ynjAr] 

with integers ni < n 2 . Then the path 

7c»? := [C) ^uiN] IJ[^niAr, ^(ni+l)Ar] |J • • ' |J[^»i 2 iV, v] 

joins ( and p. By the uniqueness of regulated arc in Lemma [3^ It follows that [C^p] F 7 ^^. 
Since [C,CniW] ^ [XniN,yn 2 N], ^ [^kN, y{k^l)N]~^^d [Cn 2 WX] ^ [^ 712^5 2 /^ 2 w ]5 

then 7 ^^ C H. Thus [C^p] F H. 


• For any n > 0, if F'^{^) G n^(n), then F^{H) C Indeed, since ^ is never mapped 

into |Jx<^<^OT^, such n^(^) exists. We claim that XkN^^kN^i{k+i)N^ykN have the same 
itinerary respect to {Hi}. Since G [x,y], then ^kN,^(k+i)N ^ [xkN.ykN]- By Lemma 


we have F^ (xkN)^ {^kN)^ {^{k^i)N)^ {ykN) G n^(^). By the arbitrariness of j, the 

claim follows. Therefore we obtain a sequence '' ^ikN^x^N^ykN^ which have 

the same itinerary. Thus if F'^{^) G II^, F'^[xkN^ykN] F 11^. By the arbitrariness of fc, it 
follows that F^{H) C 11^. 


5.6 


and (5.1), [x^N^j^ykN^j] must be contained in some for any j. In particularly. 


• For any n > 0, F^\h is homeomorphism and F^(H) C H. The latter follows imme¬ 
diately by definition. For the former, if not, there exists a minimal number no > 0 such 
that we have Q ^ p ^ F'^^{H) with F{Q — F{p). By the above conclusions, we see that 
[C^v] F F'^^{H) and is contained in some Since [C^p] is quasi-buried, there exists 

[^( 7 )^^( 7 )] ^ [x^y] with G such that ^ 77 as i ^ 00 . Then 

F|r/-(z) ^( 0 ] is one-to-one by Lemma 5.6 Thus F[(^p] is a loop. It is impossible by Lemma 


Now we pay attention to the two regulated arc and [^^ 5 ^ 2 ^]- Both of them are 

contained in H. Their relations are in one of the following five possibilities. See figure 

( 1 ) n[^iV,^27v] = {^ n }- 

(2) [^, ^Ar] = [^Ar,C2iv]- 

(3) [^JV, 6 Af] C 

(4) [^,^ n ] C [^Ar,6ivi- 

(5) [^,^n] n[CiV, 6 Ar] = for some r] G 

We will show that all of them are impossible and so the proof is completed. 
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•->-•->-• 

^ ^2N 


(1) 

^ •—5-<-■ 

(2) 

A-^^- A 

^ ^ 2 JV ^ 

^2N t, 

(3) 

/ 

’ 6 iv 

! - ^ 

►-4-» 

1 

(5) 

Figure 7. Relations of [C,Cw] and [^^ 5 ^ 2 ^] 


For case (1), we have [C,C 2 w] = ^ H. Then homeomorphic. 

Note that = [Ca^,C 2 w]- It follows that [^ 2 W,C 3 w] fl [Ca^ 5 C 2 w] = {C 2 w}- We also 

have [^ 2 iv, Csiv] flfC, Civ] = 0- Otherwise, the three arcs [^, ^n] UlCiV^ 6 iv] U[ 6 iv^ Csw] would 
form a loop. By induction, it follows that [CnW, C(n+i)w] HlC? Cnw] = {Cnw} for n > 0. 
Then is a wandering regulated arc of . By Proposition 6.1, it is impossible. 

Case (2) can not happen. Indeed, otherwise ^ is homeomorphic. 

Choose any subarc / in such that F^{I) P|/ = 0. Then / is a wandering regulated 

arc of F^. 

For case (3), choose an arbitrary subarc / in (<^,^ 2 w)- Then F^{I) C {^n^^2n)- Since 
^ [Cw,^ 2 w] is homeomorphic and [Cw,C 2 w] C / is a wandering regu¬ 

lated arc of a contradiction. 

For case (4), by the intermediate value theorem, there is a fixed point u G of 

F^. Then [z/, C [z^, C 2 w] and the map : [z/, ^ C 2 w] is homeomorphic. Let 

C- 2 W ^ [u,C] such that F^^{^-2n) = e Then [^-2N = {C}- Similar to case 

( 1 ), it is impossible. 

For case (5), let r]-N ^ with F^{r]-N) = 77 . We distinguish three possibilities to 

analyze. 

(5.1) r]-N ^ Then r]N G (//,C 2 iv). Therefore [r]-N^v]r\[v^VN] = {v}- By case (1) 

again, it is impossible. 

(5.2) r]-N = V' Then 77 is a fixed point of F^ . We claim that there exist u G (77, (^) 

and 77,0 > 3 such that F'^^^[r]^u] C [77,^]. Indeed, since ^^^[77,^] = [77,^3w] and F^\h is 
injective, hence [77, ^sw] n([^^Civ] U [77,^2^]) = {v}- H [v^^sn] ^ {v}^ fhe claim fol¬ 

lows. Otherwise, continue the process to [77, ^3w] • • • , until [77, ^kN CliVi C] ^ {v}- Otherwise, 
we obtain an infinity sequence {(^, Czcw]}zc>o which are pairwise disjoint. This contradict 
Proposition |6.1[ Hence the claim follows. 

Choose F G such that z/^^^ ^ z/'. If z/^^jy G {rj^F)^ similarly in case (3), it is 

impossible. If z/^^^v ^ ^-noN ^ ^') be the preimage of then similar 

in case (1), ^ wandering regulated arc of F'^^^. It is impossible. 
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(5.3) rj-N G Applying intermediate value theorem to F : [tj-n^t]] we 

obtain a fixed point z/ G Since [z^, <^w] So this is the case (5.2), 

impossible. The proof is completed. □ 


6.3. General cases 

Proposition 6.3. Let be the partition of C indueed by the eritieal portrait of 

/. If x^y ^ Jf have the same itinerary respeet to \)Li}i<i<d, then either x = y or x^y are 
in the boundary of a Fatou eomponent, whieh is mapped to a siegel disk. 


Proof. Suppose x ^ y. Consider the regulated arc [x^y]. Let 

U := {U : is a Fatou component such that U P|[a:,^] ^ 0}. 

Then [x, y]\\JueU U consists of several disjoint quasi-buried regulated arcs. By Proposition 
|6.2| each such arcs is a single point. 

Firstly, lA is finite. If not, since there is no wandering Fatou components and the number 
of periodic Fatou components is finite. Infinite many elements in lA will eventually be 


mapped onto a periodic one. This contradicts (6.1). 


Secondly, any G ZY is mapped to a siegel disk. If not, let {x'^y') — U p|[x,^]. If there 
exists > 0 such that orbits of and y'j^ avoid the finite set X := [ji<i<d{Jf 
then and have the same itinerary. Lemma 5.2 
(6.1). Thus there exist N and a periodic point ^ 


gives x'pf = y'pf. 
X such that x'pf 


This contradicts 

_ = ^ OI y'pf = ^. 

Suppose x'p^ = Let ^ G 0(f7o) and p the period of Then F^ fixes x'j^ and iterates 
to at least two distinct segments of dUo \ Q{Uo). By properties of supporting rays, Xn^yn 
must be separated by 0(t/o) for some n, a contradiction. 

Finally, lA consists of only one Fatou component. If not, let U ^ U' ^ lA. Let M^N be 
integers such that F^{U) = F^+^(t/), F^(t/') = F^+^([/'). Then 


By Lemma 
a irrational 


F^+^[c{U),c{U')] = F^[c{U),c{U')]. 

^ := dF^{U)f]F^[c{U),c{U')] is periodic. Since F^\gpM(^ij'^ conjugates 
rotation. Thus ^ can not be periodic, a contradiction. The proof is completed. 

□ 


3.4 


Proof of Theorem 1.2. The theorem follows immediately by Propositions |6.3 


□ 


7. Application to core entropy 


Consider a quadratic polynomial family F := {fc = + c : fc has no Siegel disks and 

we shall prove the mono- 


Jf^ is locally connected }. As an application of Theorem 1.2 
tonicity of core entropy. 


7.1. Characteristic arc F 

In order to introduce a partial order on we need the following definition of eharae- 
teristie are Ic- 

(Cl) If fc has a parabolic or attracting Fatou cycle of period p > 1. Then there exists a 
unique point z in the boundary of critical value Fatou component U such that ff{z) = z. 
Let S be the sector containing U and bounded by supporting rays of U at z. Then set 
Ic := {0 G M/Z : R{0) C S}. Obviously, C = M/Z if and only if exactly one ray lands at 

z. 
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((72) In other cases, we have c ^ Jf^. Then there is a unique sector S based at c 
containing critical point 0. Set Ic := M/Z \ G M/Z : R{9) C S}. Evidently, R is a single 
angle if and only if only one ray lands at critical value c. 

For any /c, fc' in we say fc -< fd if nnd only if Ic Z Id. 

If /c 7 ^ denote by [r?c,^c] := -fc- Let IcU-fc := with /' := and 

-f" := where {r?c,r?"} := and := The above [•,•] are 

measured in positive cyclic order and we distinguish it from the notation of regulated arc 
by acting on distinct categories. Evidently, 7' and are symmetric respect to origin with 
length |I'| = \I'^\ = \\Id 

Lemma 7.1 (Properties of characteristic arc). For any fc G T, then 

(1) If fc is in case ((72), then 

(1.1) The rays R{r]'f) ^ ^ ^ land at critical point 0. 

(1.2) If Ic is not a single point, let S'^ resp. S'f be the sectors bounded by R{r]'f) and 

R{f,c) resp. R{rjc) and i?(Cc) the sectors bounded by R{rjc) and R{f,c) avoiding the 

critical point. Then (*7'jj 5'') p| S^c = 0 and f maps S'^ resp. S'f conformally onto Sc> 
Denote by He := 

(2) If fc is in case ((71) and Ic ^ M/Z, then 

(2.1) separates critical point 0 and critical value c. Recall •“ ^(^c) U ^(Cc) U{^}* 
Therefore, \Ic\ < 

(2.2) R{r]c) and R{f^'f) resp. R{rj'f) and R{i^'f) land together at z' resp. z" with {z', z"} := 
f-Hz). 

(2.3) Let Sc be the sectors bounded by R{rjc) and R{f,c) avoiding the critical point and He 

the domain bounded by Lr^/^^n and then Hc[^Sc — tj) and f : He ^ Sc is a branched 

covering of degree two. 

(3) For any f^ fd ^ if fc ^ fd, then IJ /'( C /' |J 



case (C2) 


Proof. (1) Since both R{r]c)^ land at critical value c. Then, at the critical point 0, 

there exist preimages, rays R{r]'f), R{r]'^), , R{f,'f). If Ic is a single point, we have 


Vc — ^c^Vc — Cc* ff is not a single point, consider the sectors S'^ and Sf based 


at 0. By lemma 2.1 {S'^[jS^ 


l{f{S'J) = 2/(50 = 2/(5/ 


n5c = 0. Since^l^/ resp. f\s'j 
Note that /(C \ 5^) > /(50 + /(5, 


is conformal. 


It 


Thus 
follows that 
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f{S') = = s,. 


(2) Let p be the period of the critical value Fatou component U and zq := := 

/(z), - ' ^Zp := f^(z) with Zp = zq. Since this orbit is disjoint with critical point, we can 
set Lz- the preimage of at each Zi. Obviously, because both of 

them support Fatou component U. Let Sz 
0 and Si. the other. 


be one of the components C \ L^. containing 


For (2.1), suppose Lzq does not separate 0 and c, then contains both of them. For 


i — p — By Lemma 
critical value sector S. 


2.2 


(4), the sector map (72 must send the critical sector Szp_i to 
and thus (72{S',^_J = 5'^. We have Claim 

Lzp-i cannot separate 0 and c. Otherwise, using Lemma 2.1 and properties of supporting 
rays, we have D 5'^, thus l{Si^_.^) > impossible. For i = p — 2, • • • ,0, the 

same argument as above implies l{Si.) = and 5^. contains both 0 and c. Thus 

l{Si^) — a contradiction. 

For (2.2), since 2 ; is not a critical value. We have two z' ^ z" preimages of z. We discuss 
by contradiction and assume resp. R{p'^) ^ R{^'^) land at z' resp. z". Then 

consider the sector 5' := U6 >g/' ^(^) := [joep' R{9). We have (72(*S') = (J2{S'^) = 

S' . Since /(S') = 1{S'^) = /(/') = /(/'') < by Lemma 2.2, f\s"^f\s" conformal. 


Therefore, the image 5'^ cannot contain critical value c. This contradicts (2.1). 

For (2.3), note that both of Lpf^^n and support the critical Fatou component and 

are symmetry respect the original. Then the fact \Ic\ > \I'c\ — \Ic \ icuplies Hc[^Sc — 0. 

For (3), one can easily check it by definition. □ 

7.2. Dynamic of biaccessible angles 

Given fc G an angle in M/Z is called to be biaccessible^ if there exists 6 ' ^ 6 such 
that R{9) and R{0') landing together. Evidently, if 9 is biaccessible, then the preimages 
0 - 2 ^{9) are biaccessible. Inversely, if 9 is biaccessible and a(9) is not the critical point, 
then (72 (^) is also biaccessible. Denote by Acc{fc) the set of all biaccessible angles of /c- 
Then if /c = M/Z, Acc{fc) = 0 by lemma [5^ 


Lemma 7.2. Let Ic ^ M/Z and not a single angle. Let 9 be a biaccessible angle of fc and 
the orbit of the landing point ("o •= (^{9) avoid critical point 0. Then there exists a N > 0 
such that the orbit of (n •— /^(Co) disjoint with He, where He is defined in Lemma 7.1 
(1.2)(2.3). Therefore, there exists'd ^ 9^ cr^(9) such that, for any v G (peCe); 

9n have the same itinerary respect to M/Z \ 

Proof Let 9' ^ 9 with a{9') = a{9) = Co- Since Co will never meet the critical point. For 
n > 0, Lq^q/^ — f^{LQQf) bounds two sectors Sq^ and S'^^, where we assume Sq^ is the one 
containing 0. 

Firstly, there exists a > 0 such that Lq^q>^ separates 0 and c. If not, for each n > 0, 
(72 must send to and to therefore, = 21 (S'^^) by Lemma 

(2), (3) and (4). It follows that 1{S'^^) ^ 00 as n ^ 00 , impossible. 

By Lemma [TT] (1.2)(2.3), points in He will be mapped to Sc- Thus we only have 
to show that Cn ^ S^ n > N. Claim 1{S'^^) > l{Sc)- If not, let no > be first 
integer such that 1{S'^^^) < l{Sc)- Thus S'^^^ must be a critical value sector. This means 
S'^^^ D Sc or S'^^^ D C\Sc, both of which imply 1{S'^^^) > l{Sc), a contradiction. Therefore, 
Cn ^ Sc,n> N. □ 


2.2 
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7.3. Monotonicity of core-entropy 


Proof of Theorem If Ic = M/Z, Acc{fc) — 0. 

If #/c = 1, then Ic = Ic'^ hence 7' = 7', and Pf = 7',. 

Acc{fc'). 

In other cases, we have either P = Iq' or Id £ Ic- 

If 7^/ C Ic. We can assume rjc' G (^c5<Cc)- For any 9 G 


By Theorem 1.2, Acc{fc) = 


Acc{fc)^ if the orbit of (a(0) 
there exist and 9' ^ 9^ su ch th at 9^ 
. By theorem 1.2, in the 


is disjoint with critical point 0, by Lemma |7.2 
and 7 ? have the same itinerary respect to partition M/Z \ 0-2"^ (77, 
dynamic plane of fed external rays with arguments 7? land together. Thus 9 G Acc{fc'). 
If a{9) is iterated to 0, then critical point is not periodic. Evidently, the above N and il 
exist as well. 

If Ic = Id’ For any 9 G Acc{fc)^ if Oi{ric) is not periodic, by the same argument as above, 
such 7 ? and N exist. If airfe) is periodic. If the orbit of a{9) avoids a{r]c)^ then such il 
and N exist. If a{9) is mapped to a{r]c)’ Then 9 is iterated into { 77 c, Cc} ^ Acc{fc'). Thus 
9 G Acc{fc'). The proof is completed. □ 
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